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Theorem: General equation of the cone with vertex at origin is homogenous of second degree of
the type ax?+by?+cz2+2hxy +2gzx +2fyz=0.

Cor.1: If ’l—c = % = i is a generator for the cone ax?+by?+cz?+2hxy +2gzx +2fyz=0 then prove that

r_y _z
D.R’s must satisfy egn. of cone. 1 m n
Proof: Given generator is If 22X oy
l m n

.. any point on the generator is (Ir, mr, nr), which lies on the cone
ax’+by2+cz2+2hxy +2gzx +2fyz=0---(1)
= This point (Ir, mr, nr) must satisfy (1)
. we havea(lr)%+b(mr)2+c(nr)?+2h(mr)(nr)+2g(nr)(mr) +2f(mr)(Ir)=0
i.e r¥(a(l)?>+b(m)%+c(n)?+2him+2gln +2fmn)=0
But r? #0, .. al>+bm?+cn?+2him+2gln +2fmn =0
i.e D.R’s satisfy the eqn. of cone.
Cor.2: General equation of the cone with vertex at origin and passing through coordinate axis is
hxy +gzx +fyz=0.
Proof: Let General equation of the cone with vertex at origin be ax?+by?+cz+2hxy +2gzx +2fyz=0.---(1)
If (1) passes through coordinate axis (they areas generators) then D.R.’s of x-axis, y-axis and z-axis
must satisfy eqn. (1) by cor.(1)
But D.R’s of x-axis are 1,0,0, they satisfy eqn. (1) => a(1)! + 0+0+0+0+0=0, => a=0
Similarly D.R’s of y-axis are 0,1,0 and z-axis 0,0,1 must satisfy (1)
= b=0 and c=0
. eqn. (1) becomes 0+0+0+ 2hxy +2gzx +2fyz=0.
i.e hxy +gzx +fyz=0.
Thus equation of the cone with vertex at origin and passing through coordinate axis is
hxy +gzx +fyz=0.
Examples:

1. Prove that the line % = % = 151 , where I>+2m?- 3n? = 0 is a generator for the cone

x2+2y2-322 = 0.
Proof: We know that if% = % = i is a generator for the cone x?+2y?- 322 = 0 then by cor. (1),

D.R’s |, m, n of the generator must satisfy the eqn of cone.

. we have I?42m?- 3n2 = 0 which is true.



2. Find eqgn. of cone generated by the line through (1,2,3)whose D.C.’s satisfy the eqn.
21’+3m%-4n% = 0.

Soln.: Egn of generator passing through the point (1,2,3) with D.C's |, m, n is

x1_y2 773 _
— =T— =— =r(say)

x—1 y—2 z-3
2 l==— ,m==—7, n=—
r r r

By cor. (1) we know that D. C’s of generator satisfy the eqn. of cone and that eqn. is given by
21243m?2- 4n? = Q ----------- (1)
Substitute |, m, nin (1) we get z(xT_l) 2+3(yr;2)2- 4(ZT;3)2 =0
i.e 2(x-1)% + 3(y-2)% -4(z-3)*=0.
i.e 2x% + 3y% — 422 -4x - 12y+24z -22=0 which is required eqgn. of cone.
Finding egn of cone with vertex at origin and passing through the guiding curve as
intersection of curves given by f(x,y,z) =0 --(1) and g(x, y, z)=gb-(-’-\;-#)= 0

f(x,v,z) =0

Vertex (origin)

uiding curve

To find eqn. of cone we have to homogenize eqn. (1) and (2),+
One egn. as homogeneous by introducing variable t and substitute in other.
We come to know by following examples: (these examples are important for 2 marks)
3. Find Find egn. to the cone with vertex at origin which passes through the curve given by
ax*+ by?+cz?> = 1 and ax? + fy? = 2z.
Soln.: Given curve is intersection of ax?+ by?+cz? = 1 -—------ (1)
ax? + fy? = 2z.------ (2)
We have make both homogeneous by introducing 3™ variable ‘t’
ax’+ by?+cz? = t? - (3) homo. of degree 2.

ax® + fy? = 2zt.--------- (4) homo. of degree 2.
2

2Z
i.e, 4722 (ax’+ by?+cz? ) = (ax? + Py? )*which is the Req. eqgn. of the cone.

4. Find eqn. to the cone with vertex at origin which passes through the curve given by
x>+ y2+z2 + x-2y +3z2-4 =0 and x*+ y?+z2+2x-3y+4z-5=0
Soln.:. The curve of intersection of

2 2 2 2
From (4), t= % , substitute this t in (3) we get ax?+ by?+cz? = (u )

S1: X2+ Yy +z22 +x-2y +32 -4 =0 ------ (1)
S2 1 X%+ y?+2% + 2x- 3y +42 - 5 = 0------ (2)
isS1—-S5,=0

i.ex-y+z=1 ----(3)

Guiding curve S1—S,=0




Homogenizing (1) and (3) we get, x?+ y2+z% + xt- 2yt +3zt -4t = 0 ----(4) (b’cz this eqn. of
degree 2)
& x-y+z =t (5) (b’cz this egn. of degree 1)

Substitute t=x-y+z in (4) we get x*+ y?+z2 +( x- 2y +3z)(x-y+z) -4(x-y+z)?> =0 req.eqn.
5. Find egn. to the cone with vertex at origin and base as a circle x=a, y?*+z?=b?. (thisisa
guiding curve, circle lies on the yz plane)
Soln.: The guiding curve is intersection of x=a------------ (1)
and y2+2% = b?-—-- (2)

Homogenizing (1) and (2) we get, x=at=> t= E ------ (3)
and y?+2% = b? 2 (4)
Substitute (3) in (4) we get y>+22 = b? (E)2
i.e a?(y?+z?) = b?x%, which is req. eqn. of cone.
6. Find eqn. to the cone with vertex at origin and base is x*+y? =4 and z=2. (thisisa guiding
curve, circle lies on the xy plane)
Try this same as example (5)
7. Find eqn. to the cone with vertex at (0,0,0) which passes through the curve of intersection
of x?+y?+z2+x-2y +3z-4 =0 and x-y+z=2.
Try this also. Homogenize these two eqns. And replace t between them we get.
8. Find eqn. to the cone with vertex at (0,0,0) which passes through the curve of intersection
of plane Ixtmy+nz=p and ax’*+b y*+cz?> = 1.
Soln.: Guiding curve is intersection of Ix+my+nz=p ---------- (1)
and ax’+b y?+cz? =1.-----(2)

Homogenizing (1) and (2) we get, Ix+my+nz=pt --(3) (b’cz this egn. of degree 1)
ax?+b y?+cz? =t? ---(4) (b’cz this eqn. of degree 2)

Ix+my+nz

: l
Substitute t = EALDALCEEEN

from (3) in (4) we get ax*+by?+cz? = .

i.e pX(ax’+by?+cz? ) = (Ix + my + nz)?, which is req. eqn. of cone

9. Find eqn. to the cone with vertex at (0,0,0) which passes through the curve of intersection
of ax*+by? = 2z plane Ix+my+nz=p .
Try this example.

10.Find eqgn. to the cone with vertex at (0,0,0) which contains the curve given by(guiding

curve) x%-y? +4ax=0 plane x+y+z=6.
x+m+z

Hint: Homogenizing, x? - y? + 4axt=0 and x+y+z=6t =>t = -

, putin



Theorem: To find eqn. of cone with given vertex ( «, 8, ¥) and conic as guiding curve.
Proof: Let A( @, B, y) be vertex of the cone and let ax?>+by?+2hxy +2gx+2fy+c=0 : z=0 ------- (1)

be given conic which is guiding curve.

[i.e guiding curve is conic (it may be ellipse or circle) lies on xy plane i.e z=0, thatswhy in the
conic z term is not there. Similarly, if conic lies on yz plane, i.e x=0, then conic contains noly

y and z terms and so on.]
2-3XIS

Ala.B.7) vertex

X-axis
Conic (Guiding curve

on xy plane ie z=0)

Any line AP through A( a, B8, y) having D.R.’s |, m, n can be written as # Y B _zv (2)

m n
But this line intersect xy-plane at z=0 ( b’cz on xy plane z coordinate is zero, its eqn. is z=0)

x—a - 0—
.. we have — i i 4
l m n

xX—a 0— - 0—

o X@ _ 0y YB 0

l n m n

l . s . e
= X=a- zy, y=p - %, z =0, are coordinates of P, which lies on conic (1), as shown in fig.

substitute in (1) we get,
a(a — %’)2 ++2h (a —%’)( B - %) +b(B — %)2+2g(a —%/) +2f(B - %ﬁc =0
lea(a — ¥y ++2h (a-y)(B- y ) +b(B — y—)P+2g(a-y )+ 2M(f -y —) +c=0-(3)

But from (2)? = % and % =?

X—a l - m l xX—a m -
= = - andM=— i.e—=— and— y-B
z-y n z-y n n z-y n

Substitute these values in (3) we get

— X2 XN p o YB _ 4 Y7By2 _ypxe .y Y°B =
ala =y )%+ 2h(a-y 0B -y ) +b(B — vy ) +28(a-y )+ 2f(B -y ) +c=0
LCM is (z — y)?,



.. we get

ala(z—y)—yx—o)+2hla(z—y) -y x—a)][B(z—V)—y ¥ — B)]
b [Bz-V)-vyy-BP+2glalz-y) -y Ex—)](z-Y)

+2f[B(z—y) -y —B)](z—y)+c(z—y)*=0

Simplifying we get

a(az — yx)* +2h(az — yx)(Bz - yy) + b(Bz - vy)*

+2g(az—vyx) (z—y) +2f{(Bz—-yy)(z—y) +c(z—y)* =0

Which is req. egn. of cone with vertex as A( &, 8, 7).

NOTE: Remember the procedure which we are applying for examples, not direct formula,

whatever the theory is there same we have to apply for example.

Examples:

1. Find egn. to the cone with vertex at (1,2,3) and whose generating line pass through the
2 2

conic 2—2 +Z—2 =1 and z=0 .(i.e guiding curve is ellipse lies on xy plane)
. . x% y?
Soln.: Given conic = +— =1 and z=0 ------------------ (1)
a b
Any line AP through A( 1,2,3) having D.R.”s |, m, n can be written as x%l = y;lz = ? (2)

But this line intersect xy-plane at z=0 ( b’cz on xy plane z coordinate is zero, its eqn. is z=0)

x—1 -2 0-3
. wehave == =2= ==
l m n
x—-1 0-3 y—2 0-3
» — =— and — =—
l n m n

> x=1-3 %, y=2-3 Tm, z =0, are coordinates of P, which lies on conic (1),

substitute in (1) we get,

L2 m. 2
1-3= 2—- 3—
a-3p® @-30° )
a? b2
x—1 z—-3 -2 z-3
But from (2) — = — and 2=
l n m n
x-1 l - m . l x—1 m -2
5 — = — dy—=— |e—=—and—=y—
z-3 n z— n n z— n z-3

Substitute these values in (3) we get
L1 g2, Ly _ ¥ 22 _

a? (1 3 z—3) * b2 (2 3 z—3) 1

LCM is (z — 3)?,

.. we get

1 1

— [(z = 3)- 3(x = D] + 5 [2(2-3)-3(y - 2))*= (2-3)°
Simplifying we get, b%[z-3x]? + a%[2z — 3y]?= a’b?%(z-3)?
which is req. eqn. of cone with vertex at A( 1, 2, 3).



2. Find eqn. to the cone with vertex at (0,0,3) and guiding curve x*+ y?> =4 and z=0 .(i.e guiding
curve is circle lies on xy plane)

Soln.: Given conic x?+ y?> =4 and z=0 --------------———-- (1)
Any line AP through A( 0,0, 3) having D.R.’s |, m, n can be written as 0 _y0 _z3 | (2)
!

m n
But this line intersect xy-plane at z=0 ( b’cz on xy plane z coordinate is zero, its eqn. is z=0)
x—0 y-0 _ E

.. we have — =—
l m

n
x=0 _0-3 -0 _0-3
= = =" and = =—

l n m n
= x=-3 %, y=-- 3 Tm, z =0, are coordinates of P, which lies on conic (1),
substitute in (1) we get,
_aly2 M2 _
(—39)%+(- 3-2)2 =4 (3)

But from (2) % = ? a

e X L
z-3 n
Substitute these values in (3) we get
—3Xy2 (-3 Y2

(=3 —)"+(=3.7)°=4
LCM is (z — 3)?,
.. we get
[- 301 + [:3(y )1*= 4(z-3)°
Simplifying we get, 9x%+9y? = 4(z-3)?

|

>

o
|
I

y m . 1 x m y
and— =— je—-=—and—=—
z-3 n n z n

which is req. eqn. of cone with vertex at A( 1, 2, 3).

3. Find eqn. to the cone with vertex at (0,0,1) and guiding curve x*+ y?> =1 and z=0 .(i.e guiding
curve is circle lies on xy plane)

4. Find eqn. to the cone with vertex at (1,2,3) and guiding curve x*+ y? =9 and z=0 .(i.e guiding
curve is circle lies on xy plane)
Try these two examples

5. Find eqgn. to the cone with vertex at (1,1,0) and guiding curve x>+ z2 =4 and y=0 .(i.e guiding
curve is circle lies on xz plane)

Soln.: Given conic x*+ z% =4 and y=0 ------------------ (1)
Any line AP through A( 1,1, 0) having D.R.’s |, m, n can be written as 1oyl 20 . (2)
!

m n
But this line intersect xz-plane at y=0 ( b’cz on xz plane y coordinate is zero, its eqn. is y=0)



! - . l - . L
= x=1-—, z= —n, y=0, i.ex=1-— y=0, z= —n, are coordinates of P, which lies on
m m m m
conic (1),
substitute in (1) we get,

(1- D2 +(=9)? =4 (3)

-1 y-1 -1 z-0
But from (2) ==X gnd L=
l m m n
-1 l z n l xX— n z
I:> x— = — _— = —_—= — e
i m nd iTm e — - and o
Substitute these values in (3) we get

x—1 z
(1= D%+ (= ;=4
LCMis (y — 1)?,
.. we get
[y —x]? + [-z]*= 4(y-1)
Simplifying we get, x*+y?-2xy + z2 = 4(y-1)?, i.e x> — 3y? + z2-2xy+8y-4=0
which is req. eqn. of cone with vertex at A( 1, 1, 0).
Another type of examples:(Important for 5 marks)
In this type they will give one eqn. and ask to prove it is cone and also to find vertex.
Procedure:
Given eqn.is interms of x,y and z, hence let it be f(x,y,z)=0, which is general egn. of second
degree.
Introduce variable ‘t’ and make the eqn. as homogeneous of second degree in x,y,zand t
Let it be F(x, v, z, t)=0 (1)
Differentiate (1) partially w.r.t x,y, z, and t,

We get four equations namely Z—: =0 ---mmmee- (2), g—: =0 ---mmmee- (3),
Z_: =0 - (4), z—f =0 - (5), in all these put t=1 first and solve any three of the above

eqgns. For x, y and z and substitute in the remaining eqn. it must be satisfied then we say give
represent cone with (x,y,z)as vertex.
You come to know by following example
Examples:
1. Prove that eqn. 4x?—y?+ 2z% + 2xy — 3yz +12x - 11y + 62 + 4 =0 represents cone & find its

vertex.
Soln.: Given eqn. be f(x, y, z) = 4x?> —y2+ 222 + 2xy — 3yz +12x - 11y + 62 + 4 =0----m--mnmmn-- (1)
Make it homogeneous of second degree by introducing t
i.e. F(x,y, z, t) =4x% — y?+ 222 +2xy — 3yz +12xt - 11yt + 62t + 4t%> =0 (2)

Differentiate (2) partially w.r.t x, vy, z, and t,
Weget2—§=0,8x—0+0+2y+0+ 12t-0+0+0 +0=0



i.e 9F _ 0 =>8x+2y+12t=0, i.e 8x+2y+12=0 (3)i.e putt=1

ox
Next, :—5 =0 =>-2y+2x-3z-11t=0,i.e 2x-2y—3z-11=0 (4) by sub. t=1
Z—:=o =>47-3y+6t=0,i.e 47-3y+6=0 (5), t=1
Z—’: =0 =>12x-11y +6z +8t=0i.e 12X -11y +67 +8=0 ------------ (6), t=1

(3) — 4(4) gives 8x + 2y +12- (8x — 8y -122 -44) =0

i.e 10y +12z +56=0 i.e 6z + 5y +23=0 (7)
Next, 3(4) — 2(7) gives
122 — 9y +18 —(12z+10y+56)=0
i.e -17y-34=0 => y=-2

Puty=-2in(5)weget, 4z-3(-2)+6=0i.e z=-3, andfrom (3)we get x=-1
We used only eqgns, (3), (4) and (5) and got x =-1, y =-2, z=-3, substitute these in (6)
12(-1) - 11(-2) + 6(-3) +8 = -12+22-18+8 = -30 +30 =0, so it is satisfied by these values.
= Eqn. (1) represents cone with (-1, -2, -3) as vertex.

2. Prove that eqn. 2x? +2 y?>+722 — 10yz - 10zx +2x +2y +26z -9 =0 represents cone & find its

vertex.
Soln.: Given eqn. be f(x, y, z) = 2x?> +2 y>+72% — 10yz - 10zx +2X +2y +267 -17 =0 -=---mnn-mmn-- (1)
Make it homogeneous of second degree by introducing t
i.e. F(x,y, z,t) =2x%> +2 y2+7z% — 10yz - 10zx +2xt +2yt +26zt -17t? =0 (2)
Differentiate (2) partially w.r.t x,y, z, and t,
We get g—: =0, 4x-10z +2t =0 i.e 4x -10z +2 =0 ( put t=1) ---------- (3)
Next, 2—5 =0 =>4y-102+2t=0 , i.e 4y -10z +2=0 (4) by sub. t=1
g—j =0 =>14z-10y - 10x+26t=0,i.e 14z—-10y - 10x+26=0 (5), t=1
g—f =0 =>2x+2y+26z-34t=0i.e 2x +2y +26z7 - 34=0 ------------- (6), t=1

(3)—(4) gives 4x-10z +2 — (4y-10z+2)=0

i.e 4x—4y=0iex—-y=0i.ex=y (7)
Putx=yin (5), we get 14z—10y - 10y+26=0

le 14z-20y+26=0 i.e -10y+ 7z+13=0 (8)
Then 5(4) + 2(8) gives 20y -50z +10 +(-20y +14z +26)=0
-362+36=0 =>1z=1

Putz=1in (4) we get4y—-10+2 =0 => y=2 =>x=2from (7)



Putx=2,y=2and z=1in (6)we get
2(2)+2(2)+26(1)-18=4 + 4 +26 - 34 =34-34 =0

.. (6) is satisfied by (2,2,1)

= Eqgn. (1) represents cone with (2,2,1) as vertex.

3. Prove that eqn. 2x? -8xy — 4yz — 4x -2y +6z + 35 =0 represents cone & find its vertex.

Soln.: Given eqn. be f(x, y, z) = 2x? -8xy — 4yz — 4x -2y +6Z + 35 =0 ==--nmnmmemmu- (1)
Make it homogeneous of second degree by introducing t
i.e. F(x, v, z, t) =2x? -8xy — 4yz — 4xt -2yt +6zt + 35t2 =0 (2)
Differentiate (2) partially w.r.t x,y, z, and t,
We get g—z =0 =>4x-8y-4t=0 i.e 4x -8y -4 =0 ( put t=1) ----------- (3)
Next, :—; =0 => -8x-4z-2t=0 ,i.e 8x +4z +2=0 (4) by sub. t=1
oF 3
5, -0 => -4y+6=0,=>y=—
Z—f =0 =>-4x-2y+6z+70t=0i.e - 4x -2y +6z +70=0 ------------- (6), t=1

Puty = % in (3) we get 4x — 8(%) -4=0,=>x=4
Put x=4 in (5) we get, 32+4z+2=0 =>4z=-34 .. z=- g
Put x=4,y =§and z=_717 in (6) we get
3 17 : - 3 17
-16-2(7) + 6(- —) +70=-16-3-51 +70 =-70+ 70 = 0. (6) is satisfied by (4,~,- )

= Eqn. (1) represents cone with (4, %, - g)as vertex.

4. Prove that eqn. x? — 2y2+3z2 - 4xy +5yz —6zx + 8x -19y -2z - 20 =0 represents cone & find its

vertex.
5. Prove thateqn. 2y? - 8xy - 8yz —4zx + 6x -4y -2z +5 =0 represents cone & find its vertex.

Try (4) and (5) as home work



Right circular Cone:

Definition(important for 2. Marks): A surface generated by a line passing through a fixed point and
making constant angle with fixed line through vertex is called a right circular cone. The fixed point
is called as the vertex, fixed line is called axis of the cone and constant angle is called semi vertical

angle of the cone (as shown in fig.)
Vertex

Semi vertiea
angle 6

Axis of the

Theorem: To find the eqn. of the right circular con with vertex V(a, B,y) , eqn. of the axis as
ra _yFB _zv and semi vertical angle 6
l m n

Proof:

P(x4, ¥4 Axis of the cone x_T“ ==F =

V(a,B,v) A

Let P(x4,y1,21 ) be any point on the surface of the cone (i.e anywhere on the surface) then VP is
the generator of the cone which makes an angle 6 with axis of the cone VA.

D.R’s of VPare (x; —a), Y1-B),(z1 —7),

D.R’s of VAare |, m, n and angle between VP and VA is 0

By using the formula for angle between the lines,

6 aiap,+biby+cqcy (x,~a)l+ @, -pym+(z,-nN
cosO = =

\/alz +b12 +C12 \/azz +b22 +C22 \/(xl—a)z '|'(y1 —[i’)z +((zl—y)2 \/lz +m2 +n2

(x1-a)l+(y1 -B)m+(z1-y)n
JEx1—a)2+ (1 -B)%+((z1-7)2 ViZ+mZ+n2

‘. cosO =



Squaring both the sides we get

[, -+, -Bym+(z,-nn |2
2
-2+, 0%+ (2, -7) ][l2+m2+n2]

cos? 0= [

l.e cos?d(x1 — @)? + ¥1-B)? + (21 — V)?I[I* + m* + n?] = [(x1 — )l + (y1 - BYm + (z; — ¥)n ]?

But P(x4,y1,2; ) be any point on the surface of the cone and hence locus of the point P i.e
replace (x, 1,21 ) by (x, y, z) in the above eqn. we get

cos’dl(x —a)* + (y-B)* + (2 - Y)?I[I* + m? + n®] =[x —e)l + (y-P)m + (z—y)n |*

Thus the eqgn. of the right circular cone with vertex V(a, B,y), eqn. of the axis as
x-a _y-B _z7v

l m
cos?d(x —a)’ + (y-B)* + Z— )’ + m? + n®’] = [x —a)l + (y-p)m + (z — y)n]* (I)
Z4aXIS

and semi vertical angle 0 is

Corollary 1: The eqn. of the right circular cone with
vertex (0, 0, 0), egn. of the axis as % = % = i and

semi vertical angle 6 is
cos?0[x* + y? + z%][1* + m? + n?]= [xl + ym + zn ]?

» Z-axis

Proof: In (1) if we put (a, B8,y) as (0,0,0) we get
cos?0[x* + y? + z%][1* + m? + n?]= [xl + ym + zn ]?

y-axis z-axis
Corollary 2: The eqn. of the right circular cone with 4

vertex V(0,0,0), the axisas z — axis and semi
vertical angle 8 is z?tan?@= x*+ y?(as in fig.)
Proof: If Z—axis is axis of cone, its D.R.”s 0,0,1,

S In(l) (e, B,y) as (0,0,0)and I, m, n, as 0,0,1

We get, cos?0[x* + y* + z%][0 + 0 + 1]=[0 + 0 + z ]?
i.e cos?0[x? + y?] = z%[1 - cos? G

> X-axis
i.e cos?20[x? + y?] =z2sin?6 /0,0,0),)
i.e [x? + y?] =z? tan?@ or z*tan? @ = x%+ y? y-axi

Similarly egn. of the right circular cone with vertex V(0, 0, 0), the axisas x — axis and semi
vertical angle 0 is x*tan?@= y2+ z2 and eqn. of the right circular cone with vertex
V(0,0,0), the axisas y — axis and semi vertical angle 8 is y*tan?@= x?+ z>

Note: These corollaries are important for 2 marks.




Examples:

1. Find the eqn. of the right circular cone with vertex (0, 0, 0), egn. of the axis as f = % = g

and semi vertical angle 0 is 60°.

Soln: Let P(x,y,z) be any point on the surface
y _z ofthe cone.
2 "3 D.R.sof OP are x-0, y-0, z-0,
D.R’s of axis are 1, 2, 3 and 6 =60°

. _ x1+y2+z3
- €0s60 Vx2+y2+4z2 V1422432
i : jolz_Xtoyisz
Squaring both the sides we get Y2 T [xP+y2+22 1z

14 (x2 + y? + z%) =4 (x + 2y + 32)?,
ie7(x?+vy%*+2z%) =2 (x+ 2y + 32)%, on simplifying we get,

5x% — y? — 11z% — 8xy — 24yz — 12zx = 0, which is req. egn. of rt. circular cone

2. Find the eqn. of the right circular cone with vertex (0, 0, 0), egn. of the axis as g = 14 =

w N

and semi vertical angle o is 30°.
Soln: D.R.’s of OP are X-0, y-0, z-0, and D.R’s of axis are 2, -4, 3 and 6 =30°

2x+y(—4)+z(3)
Jx2+y2+z2 [224(-42)+32

.. c0s30 =

V3 2x—-4y+3z

2 [x%+yZ+z2 29
V3x% +y? + 2229 =2(2 — 4y + 3z)
Squaring both the sides , we get

i.e

87(x% + v% + z2) =4 (2 — 4v + 32)% which is rea. ean. of rt. circular cone

3. Find the eqgn. of the right circular cone with

(i)  vertex (0,0,0), eqgn. of the axis as =Z and semi vertical angle 6 is 45°.

WIN R

(i)  vertex (0,0, 0), eqn. of the axis as and semi vertical angle o is 30.

RIRRPIRRPIR
Il
| NR R
L=
I

(iii)  vertex (0,0, 0), eqgn. of the axis as = f and semi vertical angle o is 60°.

Try above three examples as Home work

4. Find the eqgn. of the right circular cone with vertex as (0,0,0) , axis as z-axis and 6=30°.



Soln.: We know that eqn. of the right circular cone with vertex as (0,0,0) , axis as z-axis and
smi vertical angle as 0 is z2tan? = x?+ y?

But = 30°, .. we have z%tan?(30)= x+ y?
iez? §= x%+y? =>3(x%+y?)-2z%2=0,req. eqn. of cone.

5. Find the eqgn. of the right circular cone with vertex as (0,0,0) , axis as x-axis and 6=60°.
6. Find the eqgn. of the right circular cone with vertex as (0,0,0) , axis as y-axis and 6=50°.

Try above two examples as Home work

7. Find the egn. of the right circular cone with vertex as (2,1,-3) , axis is parallel to y-axis and
semi vertical angle 0=30.
Soln:

xis is pgrallel to y axis

v(2,1,-3)
y-ax

Let P(x,y,z) be any point on the surface of the cone and v(2,1,-3)be vertex of the cone

D.R.’s of VP are x-2, y-1, z+3,
Since axis of the cone is parallel to y-axis and hence DR’s of axis are same as DR’s of y-
axis, theyare0,,10
.. D.R’s of axis are 0, 1, 0 and 6 =60°
(x=2)0+( y—1)1+(z+3)0
J(&x=2)2+(y-1)%2+(z+3)2 V0+1+02
e ? - \/(x—2)2+((y}:_1)12)+(z+3)2 1 ie V3 [\/(x -2+ (- 1%+ (z+3)*]=2(y-1)
Squaring both the sides we get
[(x—2)* + (y — 1)* + (z + 3)*] = 4(y-1)?
i.e3(x —2)2 — (y — 1)2 + 3(z + 3)% = 0 which is req. egn. of rt. circular cone.
8. Find the eqn. of the right circular cone with vertex as (2,-3, 5) , axis making equal angle with
Coordinate axis and semi vertical angle 6=30°.

Soln.:Let P(x,y,z) be any point on the surface of the cone and v(2,-3, 5)be vertex of the cone

.. €0s30 =

D.R.’s of VP are x-2, y+3, z-5,

Since axis of the cone makes equal angle with coordinate axis and hence

DR’s of axis are — , =, — & 0 =300
3 3 '3



(x—2)\%+( y+3)\%+(z—3)\/i3_

.. c0s30 =

S22 (324 (=5 | 4L L]
V3 V3 V3

V3 _ (x—2)+( y+3)+(z—-3)
2 V3/(x—2)2+(y+3)2+(z=5)2 V1

i.e

ie3[\/(x—2)2+ (@ +3)2+(z-52=2[x—-2)+(y+3)+(z—5)]
Squaring both the sides we get,
Mx =2+ +3)°+(z-5?%=4[x-2)+(y+3)+(z-5)]

i.e 9[x?+y?+7% -4x + 6y — 10z +38] =4[x + y + z -4]? , which is reqg. eqn. of cone.

9. Find the eqn. of the right circular cone with vertex (1, —2, 1), egn. of the axis as

x-1 _y+2 _ z+1

—~ " and semi vertical angle o is 60°.

3
Soln: Let P(x,y,z) be any point on the surface of the cone and v(1,-2, -1 )be vertex of the cone

D.R.’s of VP are x-1, y+2, z+1,
D.R’sofaxisare 3,-4,5 & 0 =60°

x-1)3+( y+2)(—4)+(z+1)5

- €0s60 = V(x—1)2+(y+2)2+(z2—1)2 /32 +(—4)2+52

1_ 3(x—1)—4( y+2)+5(z+1)
2 J(x-2)2+(y+3)2+(z+1)2 V50

i.e

ie V50 [((x —2)2+ (¥ +3)2+ (z+ 1)2]=2[3(x— 1) —4( y+ 2) + 5(z + 1)]
Squaring both the sides we get,
50[(x —2)2+ (y+3)2+ (z+ 1)*] =4 [3x — 4y + 5z — 6]?
i.e 25[x2+y?+72 -4x + 6y +27 +14] =2[x + y + z -4]? , which is req. eqn. of cone.
10. Find the eqn. of the right circular cone with vertex (3, 2, 1), egn. of the axis as
X3 _yz2
4

-1 . . .
=== ZT and semi vertical angle o is 30°.

HOME work

11.Find the eqn. of the right circular cone with vertex origin, axis making equal angles with

coordinate axis and whose generator has DR’s 1, -2, 2.



Axis of cone makes equal angle with coordinate axis.

» X-axis

y-axis
In this example, 0 is not given.

. . . . . , . 1 1 1
Given that , axis makes equal angles with coordinate axis and hence DR’s of axis are NN

And DR’s of generator VA are 1, -2, 2.
We know that axis makes equal angle with all generators in rt. circular cone, .. 6 is same
throughout .
From the fig. angle between VA and VB is 6
1(%)+(—2)%+2(\/i3_) _ 1(\%3_) g
1 1 1., NCRYAN - N (1)
VPAEDHT [+ +)?

Next, let P(X, y, z) be any point on the surface of the cone, again from the fig. angle between

.. €0osO =

VP and VB is also 0

x(= +yi+z(i)
We have cos = —— (“23—) fz “13—2 —  (b’cz, DR’sof VPare x, y, 2)
VxXe+yc+z \/(\/—3—) +(\/—g) +(\/—3—)

-1
But from (1) cos6 = "

_ x+y+z

1
.. we have =
3V3  VByYxZ+yZ+z2 1

iex2+y2 42722 =3(x+y+2)

Squaring both the sides we get, [x? + y? + z2] = 9( x+ y +2)?
i.e.8(x? + y? + z2) +18(xy+yz+zx) =0

i.e 4(x* + y? + z%) +9(xy+yz+zx) = 0 which is req. egn. of rt. circular cone.



Enveloping cone of a sphere:

We know that from the external point to the surface of the sphere if we draw tangents throughout

Tangents
from fixed

point
poeHt

Fixed
point

(vertex

Given

sphere
the sphere i.e go on drawing tangent lines as much as possible to sphere from the fixed point,
we get one surface which is in the form of cone, that is called enveloping cone of sphere.
.. we define enveloping cone of sphere as follows
Defn: The locus of tangent lines drawn from a given point to a given sphere is called
enveloping cone of the sphere. The given point is vertex of the cone.
Note: Defn. is important for two marks.

Theorem: Find the eqgn. of enveloping cone of sphere x? + y?+z2 =a?, from the vertex

(@.B.7). te £r(@By)

.
¢¢¢¢
“““““
| rOOf' """""
L ™R LA A
. 0
o
.
.
o
. 0
““““
. 0
o

"""""" . Enveloping cone of sphere

.
. .
.
e .
o
-

------
‘‘‘‘‘
- ey

Yy
Give Sphere is X2 + Y2472 Z@2----mnmmmmmmmm e (1)
Any line through P(e, B, ) with DR’s Lm,n is = = % = 2 =1 (say)--mermmeeeee (2)

.. any point on the line (2) is (& + Ir, f + mr,y + nr)

It lies on the sphere (1) if it satisfies eqn. (1).



e (a+Ir)?2+ (B +mr)%+(y +nr)?=a

i.e r2(I24m2+n?) + ral + 2fm + 2yn) + (a®+ B>+ y?- @%) = O-------m-mmmmmmmme oo (3)
which is quadratic in r, has two roots for r. For two different values of r we get two points
at which a line will intersect sphere, i.e any line will intersect sphere at two points, but if
it is a tangent then it will touch the sphere at only one point, hence both values of r same.
Condition for equal roots of r discriminant b? -4ac =0 in (3)

i.e (2al + 2fm + 2yn)? — 4 (I>4m?+n?) (a®+ 2+ y?-a2) =0

i.e  (al + fm + yn)? — (I>4m?+n?) (a?+ B2+ y? - @%) = 0-----m-mmmmmmmmmm e (4)

From (2), | = ?, m= #, n = Z;—y, substitute these values in (4) we get

(@ =2+ gL 4y, )2 - (EHED2+ELP) (@2+ p+y? - %) =0
Le[a(x—a) + By = B) + vz — VI - [(x — a)’+(y — B)*+(z — v)?] (a®+ p*+y? - &%) =0
By simplifying we get, [ax + fy+ yz-a2]? - [x2 + y?+z? - a? ][ a®+ %+ y? -a?] =0
e [ax + By+ yz-a® ) =X +y*+2% - a® ][ a®+ B*+y? - a* ] ---(5)
which is reg. eqn. of enveloping cone of sphere.
Easy method to remember this eqn. is as follows:
Eqn. (5) can be written as, T2 =SS;
where T =ax + By+ yz-a> i.eeqn. of tangent to the sphere at ( a, 8,7 )
S= x2+y*+7?-@a? i.e given sphere
Si=a’+ %+ y?-a> ieSphereat (a,B,y)
Note: (1) Above formula T2 =SS;, u have to remember for examples.
(2) Sphere may be given not necessarily with centre at origin, it may given general eqgn.
X2 + y2+72+2ux+2vy+2wz+d =0, then also same formula T2 = SSy, but
T =ax + fy+ yz +tu(x+ a) +v(y+ B)+ w(z+ y) + d i.e Eqn. of tgt. to this sphere
S = X2 + Y2472+ 2ux+2vy+2wz+d i.e eqgn. of given sphere
Si=a’+ B2+ y?+2ua +2v p+ 2wy + d, i.e sphereat (a,fB,y)
Note: Enveloping cone of the sphere is also locus of all tangents drawn from point ((a, 8,y )
to sphere.

Examples:
1. Find the enveloping cone of the sphere x? + y?+z? = 11 which has the vertex ( 2,4,1). Also

prove that the plane z=0 cuts this cone in rectangular hyperbola.
Soln.: Given sphere S= x?+y*+z>-11and (a,B,y)=(2,4,1)
Si= 22+ 4%+12-11=10
T= 2x+4y+z-11
Enveloping cone of sphere is T? = SS;
i.e (2x+4y+z-11)2 = (x? + y?>+z? — 11)(10)



i.e 10(x® + y?+z2 - 11) = (2x+4y+z-11)?, req. eqn. of enveloping cone of sphere.
Next, If plane z=0 cuts this cone, put z=0 in above egn. we get,
10(x% +y? —11) = (2x+4y -11)?
i.e 6x2 + 6y? — 16xy +44x -88y — 231 =0, which is rectangular hyperbola.
2. Find the enveloping cone of the sphere x? + y>+z? = 9 which has the vertex ( 0,1,1).
Soln.: Given sphere S= x?+y?+z2-9=0and (a,pB,y)=(0,1,1)
Si= 02+ 1%+12-9=-7
T= Ox+1ly+1z-9 =y+z-9
Enveloping cone of sphere is T? = SS;
i.e (y+z-9)?= (X% +y?+z2-9)(-7)
e 7(x2 +y>+z2-9) + (y+z-9)? req. eqgn. of enveloping cone of sphere.
3. Find the enveloping cone of the sphere x? + y?+z? -2x +4z-1=0 with the vertex ( 1,1,1).
Soln.: Given sphere S = x?+y>+7? - 2x+4z-1=0and (a,B,y) =(1,1,1)
Si= 12412412 -2+4-1=4
T= ax +By+ yz +u(xt a) +v(y+ g)+ w(zty) +d
= X+y+z-1(x+1)+0(y+1)+2(z+1)-1 =y+3z
Enveloping cone of sphere is T? = SS;
i.e (y+3z)2= (X2 + y*+z2 — 2x+4z-1) (4)
i.e 4(x? + y>+7% — 2x+4z-1) = (y+32)?, reg. eqn. of enveloping cone of sphere.
4. Find the enveloping cone of the sphere x? + y?+z? +2x -2y=2 with the vertex ( 1,1,1).
5. Prove that the lines drawn from the origin so as to touch the sphere x? + y?+z? — 2x+6y+4z-4=0
lie on the cone -4 (X2 + y?+z2 — 2x+6y+4z-4) = (x -3y -2z+4)?
Hint: In this example you have to prove enveloping cone of sphere x? + y?+z2 — 2x+6y+4z-4=0
From vertex (0,0,0) is 2 (x* + y*+z% — 2x+6y+4z-4) = (x -3y -2z+4)?

E
-------

Try (4) and (5) as home work.

Try following examples also:
1. Prove that equation (i) 4x? — y? +2z2+2xy — 3yz +12x — 11y +6z +4=0 represents cone with
vertex (-1, -2, -3).
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Definition: A surface generated by variable straight line moving in space parallel

to a fixed line and satisfying the condition that interesting given curve is called
cylinder. Variable line is called generator and intersecting curve is called guiding
curve.

generator

Oblique cylinder Right circular cylinder

Right circular cylinder: A surface generated by variable straight line moving in space
parallel to a fixed line with constant distance from fixed line and satisfying the condition
that interesting given curve is called cylinder. Fixed line is called axis of the cylinder,
variable line is called generator, constant distance is called radius of cylinder and
intersecting curve is called guiding curve.

Note:(1) In oblique cylinder generators are not necessarily at constant distance from
fixed line where as in rt. circular cylinder they are at constant distance.

(2) Most of the properties and theorems in cylinder are same as that of cone.
(3) It is not having vertex, only fixed line and conic
Theorem: To find eqn. of cylinder with given conic ax*+2hxy+by?+2gx+2fy+c=0, z=0

. X
and generators parallel to the line ;==

Proof:

X-axis

Guiding curve

y-axis



Given conic ax*+2hxy+by?+2gx+2fy+c=0, z=0 (1)

Let the equation of the fixed line be % = % = % (2)

Let P(x1,y1,21) be any point on the cylinder, then equation to this line parallel to

fixed line (2) is x_lxl = y:n)’l - Z—nzl a)

But this line intersect xy-plane at z=0 ( b’cz on xy plane z coordinate is zero)

X—X - 0-z
- we have /2t = X201 - 7% (4)
l m n
xX—Xx 0—z - 0-z
= 1 _ 1 andy Y1 _ 1
l n m n

l m
= x=x1-%, y=yq - nzl,z=0,
But line (4) intersect the given conic (1) if this point lies on conic (1), as shown in
fig. .. substitute this pointin (1) we get,
lz lz mz mz lz mz
—)% +2h (x, - 71)(3’1 -—) +h(y; ——)*+29(x; - 71) + 2f(y, -—)+c =0

n n n n
(not necessary to remove I, m,n as they are given)
Simplifying this egn. we get
a(nx;- 1z,)? + 2h (nx;- 1z))(ny; — mz;)+ b(nx;- 1z,)?+2g (nx,- lz;)+2f(nx;- lz;)+ cn®=0
Then locus of P(x1, y1, z1) , i.e replace (x, y, z) we get,
a(nx- 1z)? + 2h (nx- 1z)(ny — mz)+ b(nx- 1z)2+2g (nx- 1z)+2f(nx,- lz;)+ cn?=0.

Thus required eqgn. of cylinder with generators parallel to the line J—; = % = i and given

a(x; —

conic ax*+2hxy+by?+2gx+2fy+c=0, z=0 (i.e guiding curve) is
a(nx- lz)? + 2h (nx- Iz)(ny — mz)+ b(nx- 1z)?+2g (nx- lz)+2f(nx,- lz;)+ cn?=0.----(5)

Corollary 1. If the generator of the cylinder parallel to z-axis then I=0, m=0 and n=1
substitute these in (5) we get egn. of cylinder is ax?+2hxy+by?+2gx+2fy+c=0, 2z=0
i.e f(x,y) =0, z=0
similarly, If the generator of the cylinder parallel to x-axis then I=1,m=0 and n=0
substitute these in (5) we get eqn. of cylinder is f(z,y) =0, x=0.
And If the generator of the cylinder parallel to y-axis then I=0,m=1 and n=0
substitute these in (5) we get eqn. of cylinder is f(x,z) =0, y=0.
Corollary 2.The egn. of cylinder which is having guiding curve as intersection of two
curves f(x,y,z) =0----(1) and g(x, y, z)=0-----(2) and whose generators are parallel to
0] X —axis is obtained by eliminating x between (1) and (2)
(i)  y-axis is obtained by eliminating y between (1) and (2)
(i)  z—axis is obtained by eliminating z between (1) and (2)



Examples:

1. Find eqn. to the cylinder which passes through the curve of intersection of
plane Ix+my+nz=p and ax?+b y*+cz? =1 and generators parallel to z-axis.

Soln. Given guiding curve is intersection of Ix+my+nz=p (1)
ax’+b y?+cz? =1 (2)

Since generators are parallel to z-axis, req. eqn. to the cylinder is obtained by

eliminating z-coordinate between (1) and (2)

p—lx—m

From (1) z= y, substitute this in (1) we get

p—lx—-my 2 _
— )=t

ax?+by?+¢(
i.e an®x2+bn?y?+c(p — Ix — my)? = n?, which is the req. eqn. of the cylinder.

2. Find eqn. to the cylinder which passes through the curve of intersection of plane
Ix+my+nz=p and by?+cz? =2ax and generators parallel to x -axis.
Hint: get x from first eqn. and substitute in second as in above example.

3. Find eqn. to the cylinder which passes through the curve of intersection of plane
Ix+my+nz=p and ax? +cz?> =2y and generators parallel to y -axis.
Hint: get y from first egn. and substitute in second as in above example.

Try (2)and (3) as home work.

4. Find eqgn. to the surface generated by the line which is parallel to y=mx and z=nx
2 2
and intersecting the ellipse % + Z_Z =1,z=0
i.e nothing but, finding eqn. of cylinder whose generators are parallel to the line

X

2 2
y=mx and z=nx and intersecting the ellipse — + Y =1liesonz=0i.e xy plane

a? b2
. . . z . X zZ
Soln: Given line y=mx and z=nxi.e x = -2 , l.e== A — (1)
m n 1 m n
- . . x%  y? .
Guiding curve is ellipse — + = =1 lies on z=0 (2)
z-axis TAL_Z
1 m n
X1,Y1,21
/ »Guiding curve

Let P(x1,y1,21) be any point on the cylinder, then equation generator parallel to



given line (1) passing through is x_lxl = y:nyl = Z_nzl (3)

But this line intersect xy-plane at z=0 ( b’cz on xy plane z coordinate is zero)

xX—X - 0-z
. we have =2t = X201 -4 ()
1 m n
xX—X 0-z - 0-z
= 1 _ L and X221 = 1
1 n m n
Zq mzq
= x=x1-? y=y1'T,Z=O,

But line (4) intersect the given conic (2) if this point lies on conic (2), as shown in fig. ..
substitute this point in (2) we get,
(x1-2)2  (y- SAy?
+

a? b2

=1

ieb?(x, — )2 +a’(yg — %)2 = a?b?
i.eb?(nx; — z,)%+a*(ny, — z;)%=a%b?n?
Locus of P(x1,y1,21) i.e replace (x1,y1,21) by (X, y, z) we get

b*’(nx — z)?+a*(ny — z)?=a?b*n? req. Eqn. of cylinder.

5. Find eqn. of cylinder whose generators are parallel to the line f =Yz g and whose
guiding curve is x? + 2y? = 1 lies on z=0.

Try this example, similar to above example.

6.Find egn. of cylinder whose generators are parallel to the line f = 12 = g and whose

guiding curve is x} + 2y? = 1 lies on z=3.

Z axis
P(x1, y1,21)
Guiding curve / » Plane z=3, itisa plane Il to z=0 at 3 units
) / $ X-axis
/ » xy plane, z=0
y-a
Soln.:Gven line f = _12 = g (1) guiding curve is x% + 2y? =1, z=3----(2)
Let P(x1,y1,21) be any point on the cylinder, then equation of generator parallel to

—X1 = Y—Y1 = zZ—Z1 (3)
-2 3

given line (1) passing through is ad



But this line intersect plane z=3 ( plane Il'*to xy plane at distance z=3)

- we have 22X = Y01 371 ()
1 -2 3
= x—x1 _3-71 and Y—y1 _3-21
1 3 -2 3
= ( 3x- 3x1) =3 - VAR 3(y- 3'1) =_2(3 - Zl), z=3
= X = 3x1+3-21 =3y1—6—221’ 7=3

7

3 3
If the line (4) intersect the given guiding curve, the above point satisfies eqn. (2)

.. we have (@)2 + 2(@)2 =1

i.e(3x; +3—2)%+2QB3y; —6—22,)%=9

. locus of this eqn.is (3x —z + 3)2+ 2(3y — 2z — 6 )% =9, which is the req. eqn.of

cylinder.

7. Find eqn. of cylinder whose guiding curve is x2 + y2 = 16 lies on z=0 and generators
y oz

. X
are parallel to the line =35

Soln.: Given line ==2=2 (1)
1 2 3
Guiding curve is ellipse x2 + y? = 16 lies on z=0 (2)

Let P(x1,y1,21) be any point on the cylinder, then equation generator parallel to

given line (1) passing through is x—1x1 = y—2y1 = Z_le (3)

But this line intersect xy-plane at z=0 ( b’cz on xy plane z coordinate is zero)

x—Xx - 0-z
. we have /22 = X201 -1 (4)
1 2 3
X—Xx 0-z - 0—z
= 1 _ 1 and y=y1 _ 1
1 3 2 3
zq 2zq
= x=x1-? y=y1'T,Z=O,

But line (4) intersect the given conic (2) if this point lies on conic (2), as shown in fig.

substitute this point in (2) we get,
2zq

(x1 — Zgl)z"’(}ﬁ S )2=16

ie (3xy — 2z1)?+ 3y, — 2z,)%=16

~. locus of thiseqgn.is(3x — z)*+ @By — 2z)%*=16

i.e 9x2 + 9y2+10z2- 6xz -12yz — 16 = 0 req. eqn. of cylinder.

8. Find eqn. of cylinder whose generators are parallel to the line x = % =—z,

ie f = §= _il and passing through the curve (i.e. guiding curve) 3x% + 2y? = 1,z=0.
Try this example as home work.

9. Show that the line f = 11= ? is a generator of the cylinder x? + y?+z%+xy+yz -zx = 9.



y z-3 . x-0 y-0 z-3

Soln.: Given Iine§=—:— i.e ==—= (1) -

-1 1 1 -1 1 P(0,0,3)
i.e the line passing through point P(0,0,3)

And given cylinder x? + y?+z%+xy+yz -zx = 9 (2),
To prove the line (1) is generator for the cylinder (2)we have to prove that(0,0,3) lies
on (2), i.e this point satisfies (2).
i.e 0+0+9+0+0+0=9
9=9
= (1) is the generator of the cylinder (2).

10. Find eqn. of cylinder whose generators are parallel to the line f = Lz = § and whose

guiding curve is z% + y2 = 1 lies on x=2.
Right circular cylinder:
We know that right circular cylinder is a surface generated by variable straight line
parallel to a fixed line with constant distance from fixed line and satisfying the condition
that interesting given curve, that curve is circle.
Finding equation of the right circular cylinder whose radius is r and axis is the line

22 _YB_ZV (important for 5 marks)
l m n

Slon:

Let (x1,y1, 1) be any point on the cylinder and let A(a, 5, 7) be a fixed point on the axis
and PM =r, radius of the cylinder.

Then from the fig. AP? = PM? + AM?

= PM?2 = AP? - AM? (1)

By using distance formula, AP =/ (x; — @)2 + (y; — B)% + (z, — ¥)?

AM = Projection of AP on the line % = % = %

AM = (x1—a)l+(y —p)m+(z1-y)n

Trrr (By using dot product)



Squaring both the sides we get,

(x1—a)l+(y,—B)m+(z1—y)n [(e1—a)l+(y1—B)m+(z1—y)n]?

2 _
Jomare @)

Then (1) becomes r2 = [(x; — a)? + (y; — B)? + (z; — ¥)?] -

AM? = ( and PM =r

[(x1—a@)l+(y1—B)m+(z1-y)n]?
(12+m?+n?)

A2+ m?*+nD) =[x —a)* + (= B)* + (2, — Y)Z](lz +m? + nz)
— [ — )l + (y1 = Bym + (z, — y)n]?

ie [(x, — )l + (yy — B)m + (z — YIn]*=[(x; —a)® + (yy = B)? + (2, —¥)* —1* ]

(1> + m? + n?)
Locus of the above eqgn. is
[(x—l+ (- B)m+ (z-y)n*=[(x—a)’> + (- B)? + (z—y)*] —r? [(I? + m* + n?)
Which is the required eqn. of the rt. circular cylinder with axis and radius r.

Corollary 1. Egn. of the rt. circular cylinder with axis % = % = % and radius ris

[Ix+my +nz]? = [x* +y? +2z% —r?][1? + m? + n?]

z-axis y

i Axis of cylinder % == % passing through origin
A‘ X-axis

Proof:

y-axis

y-B _z-y

We know that eqgn. of cylinder with axis % = and radius asr is

(=l + = Bm+ z=)nl*= [(x =) + 7 = B)* + (z = y)*] = r* [(I* + m® + n?)

. egn. of cylinder with axis §= % = i (i.e line passing through origin with DR’s |, m, n)

and radius as ris [x] + ym + zn]?= [x?> +y? +2z%2 —r? ] (I* + m? + n?)
ie[lx+my+nz]?=[x?> +y? +z%2 —r? ][I’ + m? + n?]

Corollary 2. Eqgn. of the rt. circular cylinder with radius r and (i) z —axis as axis of cylinder

is x? +y? =r? (ii) y —axis as axis of cylinder is x?> +z? =r? (iii) x —axis as axis of

cylinderis y? +2z? =r?



Proof: . .
Z-axis z-axis
Z-axis
X-axis
e === Px-axis —>
S Fig. (¢)
z-axy Fig. (a) y-axis Fig. (b)

y-axis &

We know that eqn. of rt. circular cylinder with axis % = % = i and radius asr is

[Ix + my + nz]? = [x?> +y? +2z%2 —r? ][l + m? + n?] by cor. (1)----mmemrmemeev (d)
If z-axis is axis of cylinder as in fig. (a), then /=0, m=0,n=1
- eqn. (d) becomes [0 + 0 +z]? = [x? +y? +2z%2 —r? ][0+ 0+ 1?]

ez =x? +y? +2z%2 —r?2 =x% +y’=r

2
. eqn. of rt. circular cylinder with z — axis as axis and radius as r is x> + y? =r?

Similarly, eqn. of rt. circular cylinder with x — axis as axis and radius as ris z> +y? =
r? fig. (b)

And eqn. of cylinder with y — axis as axis and radius as r is x> +z% =r? fig. (c)

Examples:

1. Find the eqn. of right circular cylinder of radius 2 and axis is the line x2;1 =—==

Soln: Axis of the cylinder xT_l =Y ==
=2, m=2, n=-1, radius r =2

- zZ— . .
y=F _ Ty and radius as ris

We know that eqn. of rt. circular cylinder with axis % =
[x—l+ (y—B)m+ (z—y)n]*=[(x — ) + (y = )* + (z —¥)* —r? ](I* + m? + n?)
e[x—1D2+(y—-3)2+Z-5CDP?=[(x—-1)%?+(y—-3)2+(z—-5)2—-22]4+2+1)

ie[2x+2y—z—3]%=9[(x — 1)?+ (y — 3)? + (z — 5)% — 22 ] req. . eqn of rt. circular cylinder.



2. Find the eqn. of right circular cylinder of radius 2 and axis is the line x =2y = -z

Soln.: eqn. of rt. circular cylinder with axis x=2y=-z i.ex=2y=-zi.e §:¥=_i2 and

radiusasr=2, is

[x =l + (y = B)m + (z = y)n]*=[(x — @) + (y = B)* + (z = ¥)* = r? ](I* + m? + n?)
(a,B,v) = (0,0,0)

e [(02+M1+2(=2)*=[(x)*+ (?*+ (2)* —22 |4 +1+4))

i.e [2x +y =72 = 9[x*+ y? + 2> 4]

i.e 5x%+ 8y*+872% +4xy — 2yz — 4zx = 6X2 + 6y* + 62°- 36

i.e 5x*+ 8y*+82% -4xy +2yz + 42x-36=0

3. Find the eqn. of right circular cylinder of radius 3 and axis passes through (2, 3, 4) and
D.C’s proportional to 2,1,-2.

-2 y-3 z—-4
Soln.: Given that axis passes through (2, 3, 4) with D.R.’s 2, 1, -2. iee xz == Z—Z

Sa,B,y)=1(2,3,4)andr=3

4. Find the eqn. of right circular cylinder of radius 2 and axis e xT_l =22 ?

Try these two example (3) and (4).
5. Find the eqn. of rt. circular cylinder whose guiding curve is circle x>+ y? + z2 = 9: x —y +z=3.

Soln.:

Given that circle of intersection of sphere S: x2+ y? + 22— 9 =0-- (1)
and plane P: x —y +z=3. (2)

/\ We studied in sphere that intersection of sphere by the plane is

o¢ 1 L & Axis circle, that circle is the guiding curve for cylinder.

U In the following fig. O( 0,0,0) is centre of the sphere (1) and Cis the

centre of the circle of intersection, radius AC f circle is radius of the
X*+y?+22=9 \ cylinder. The line joining OC is the axis of the cylinder.
Plane, x -y +z=3

So we have to find O, C, OA, AC and D.R.’s of OC.
Guiding curve: Circle of intersection of plane

By using the procedure of finding centre and radius of circle of intersection of sphere (1) by the plane (2)
we have to find.

Centre of the sphere (1) is O = (0,0,0) and radius of the sphere OA = 3



And OC is perpendicular drawn from O to the plane (2)

1(0)-1(0)+1(0)-3)
JE+(1D)2+12

.. 0C=

S RE

. from rt. angled triangle OAC, AC? = 0A’-0C?=9-3=6

Radius of the circle i.e radius of rt. circular cylinder,, AC=r =6

And D.R.’s of axis OC are 1, -1, 1 and axis passing through (&, 8,7 ) = (0,0,0)

. egn. of rt. circular cylinder with radius r=v6, (a, 8,7 ) = (0,0,0),and |, m,nas 1,-1,1

is [Ix + my + nz]? = [x?> +y? +2z% —r? ][I+ m? + n?]

e [(Dx+ (—Dy+ (Dz]?=[x* +y? +z2 —6][1+1+1]

ie [x—y+1z]?=3[x% +y* +2z% — 6]

e x2 +y? +2z%-2xy—-2yz+2xz=3(x% +y? +2z2)-18

i.e2(x? +y? +2z?%)+2xy+2yz-2xz-18 = 0, req. eqn. of cylinder.

Enveloping cylinder of sphere:

If we go on drawing tangent lines to the sphere parallel to the line AB, those tangent lines
envelope (cover)sphere and form a surface in the form of cylinder as show in the

Plaa. B. v\

above figure. That cylinder formed is called enveloping cylinder of sphere. So we define
enveloping cylinder as follows:

Definition: The locus of tangent lines drawn to a given sphere parallel to given line is
called the enveloping cylinder of sphere.

Theorem: Enveloping cylinder of the sphere x? +y*+z?=a? with tangents drawn
parallel to the line f = i =2 is[lx + my+ nz]? = [x2+y*+z2- 2 [ 1>+ m*+ n? - a?]

n

Proof: Given sphere is X? +y?+72=a% -=---mmmmmmmmmm e (1)
Given line f:%:i - e )

Let P(a, 8, y) be any point on the locus, any line through P(a, 8, v) parellel to (2) is



xa _yB _z7v_
—— =——=r(say) (3)

n

. any point on the line (3) is (& + Ir, § + mr,y + nr), It lies on the sphere (1) if it
satisfies eqn. (1).

i.e(@+1Ir)?+ (B +mr)?+(y + nr)?=a?
i.e r’(I2+m?+n?) + r(2al + 2fm + 2yn) + (a®+ 2+ y?- 8%) = 0---mmmmmmmmmmmmmmmmmo e (4)

which is quadratic in r, has two roots for r. For two different values of r we get two points
at which a line will intersect sphere, i.e any line will intersect sphere at two points, but if
it is a tangent then it will touch the sphere at only one point, hence both values of r same.

Condition for equal roots of r discriminant b? -4ac =0 in (3)
i.e (2al + 2fm + 2yn)? — 4 (I>+m?+n?) (a®+ B2+ y2-a2) =0
i.e (al + fm + yn)? — (I>4m?+n?) (a?+ B+ y? - @%) = 0-------m-mmmmmmmmmme e (5)

Hence, locus of (a, B, y) i.e replace (a, 8,y) by (X, Y, z) in (5) we get

(xl + ym + zn)? — (I>+m?+n?) (x*+ y?+ z2 -a?) =0

i.e. (Ix + my + nz)? — (I>4#m?+n?) (x*+ y?+ z%? - a?) =0

which is reg. eqn. of enveloping cylinder of sphere.

Note: (i)Procedure for enveloping cone and cylinder are same , only change is, in cone
tangents are drawn from a fixed point to the sphere and in cylinder tangents are drawn
parallel to the given line.

(if) Enveloping cylinder of the sphere is also sometimes is locus of generators touch the
sphere and parallel to the given line.

Examples:

1.Find the equation of the enveloping cylinder of the sphere x?+ y?+ z2 = 25 whose

generators are parallel to the line f = 12 =2

Soln.: Given sphere x2+ y?+ 22 = 25 cmemmmmmmo e (1)
GivenlineZ=2X= 2 (2)
1 -2 3

= g , passing through origin

O‘i// Sphere x%+ y>+ z2 = 25
Herea=5,/=1, m=--2,n=3 )
We know that enveloping cone of sphere (IN\+ my + nz)>- (1>+m?+n?) (x+ y?+ z2-a%)=0

i.e (Dx + (=2)y + 32)% (1+4+9) (x*+ y*+ z2-25)



i.e (x -2y +3z)? = 14(x?+ y?+ 2z?-25) which is req. egn. of enveloping cone of sphere.
2. Find the equation of the enveloping cylinder of the sphere x+ y+ z? = a?
whosegenerators are parallel to the linex =y = z

Soln.: Given sphere x?+ y?4 22 = @2 —-memmmmmmmo e (1)
Givenlinex=y=z ie ==2=2 (2)
1 1 1

Herea=a,/=1,m=1,n=1

We know that enveloping cone of sphere (Ix + my + nz)> (1>+m?+n?) (x+ y*+ z2-a?)=0
e (x +y + 2)% (1+1+1) (x?*+ y>+ z%- a2)

i.e (X +y +2)? = 3(x?+ y?+ z?-a 2) which is req. egn. of enveloping cone of sphere.

3. Find the equation of the enveloping cylinder of the sphere x?+ y?+ z? = a? whose
generators are parallel x-axis.

Soln.: *
|_> Generators parallel to x-axis

X-axis

Generators parallel to x-axis => D.R.’s of generators are 1,0,0
. put I=1, m=0, n=0 in above eqn. we get x? = (x*+ y*+ z%-a%)

: 2 2 — 42
i.ey*+z® =a
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